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Abstract
The quantum process framework is devised as a generalization of quantum theory to incorporate
indefinite causal structure. In this short paper we point out a restriction in forming products
of processes: there exist both classical and quantum processes whose tensor products are not
processes. Our main result is a necessary and sufficient condition for when tensor products of
multipartite processes are (in)valid. We briefly discuss the implications of this restriction on
process communication theory.
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I. INTRODUCTION
The quantum process framework [1–3] is devised as a generalization of ordinary quantum
theory to incorporate indefinite causal structure [4–7]. In this short paper we point out a
restriction on the composability of processes by deriving a necessary and sufficient condition
for when tensor products of multipartite processes are (in)valid.
II. PROCESSES
In this section we very briefly recall the relevant part of the process framework [1–3] and
introduce some nomenclatures. It is postulated that local physics is described by ordinary
quantum theory with definite causal structure, while the global (possibly indefinite) causal
structure is encoded in processes. A process is a linear map from CP maps describing local
physics to real numbers describing probability of observation outcomes. Both channels and
states are special cases of processes.
We use A,B,C, · · · to denote the parties where local physics takes place. A party A
is associated with an input system a1 with Hilbert space H
a1 and an output system a2
with Hilbert space Ha2 . Through the Choi isomorphism [8] processes can be represented as
linear operators. A process W associated with parties A,B,C, · · · is represented as a linear
operator W a1a2b1b2c1c2··· ∈ L(H), where H := Ha1 ⊗ Ha2 ⊗ Hb1 ⊗ Hb2 ⊗ Hc1 ⊗ Hc2 ⊗ · · · .
Sometimes we write the process as W abc··· for simplicity.
It is assumed that processes yield normalized and positive outcome probabilities, and can
also act on subsystems of local parties. These imply that
W ≥0 (1)
TrW =dim(Ha2 ⊗Hb2 ⊗Hc2 ⊗ · · · ) =: dO, (2)
and in addition:
Proposition 1 (Oreshkov and Giarmatzi [3], reformulated using the language of this paper).
A multiple partite process obeys the normalization of probability condition if and only if in
addition to the identity term it contains at most terms which is type a1 on some party A.
To understand this proposition we need to introduce the notion of types. A processW ab···
can be expanded in the Hilbert-Schmidt basis {σxi }
d2
x
−1
i=0 of the x subsystem operators L(H
x)
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as
W ab··· =
∑
i,j,k,l,···
wijkl···σ
a1
i ⊗ σ
a2
j ⊗ σ
b1
k ⊗ σ
b2
l ⊗ · · · , wijkl··· ∈ R. (3)
We set the convention to take σx0 to be 11 for any x. We refer to terms of the form σ
x
i ⊗ 11
rest
for i ≥ 1 as a type x term, σxi ⊗ σ
y
j ⊗ 11
rest for i, j ≥ 1 as a type xy term etc. The identity
term is referred to as a trivial term to be of trivial type.
Restricting attention to some party A, we say that a term is “in type” if it is a1 type,
and is “out type” if it is a2 type. We say that it “includes the in type” if it is a1 or a1a2
type, and “includes the out type” if it is a2 or a1a2 type. On two parties A and B, terms of
type a2b1 and a1a2b1 are called A to B signalling terms (since A’s output is correlated with
B’s input), and similarly terms of type a1b2 and a1b1b2 are called B to A signalling terms.
III. CONDITIONS FOR FORMING VALID AND INVALID PRODUCTS
In this section we introduce process products and prove our main results. A party
{A′, a′1, a
′
2} and a party {A
′′, a′′1, a
′′
2} can be combined into a new party {A, a1, a2} =
{A′A′′, a′1a
′′
1, a
′
2a
′′
2} if all channels from a1 to a2 can be applied by A. Here A
′A′′ is a
shorthand notation for combining parties A′ and A′′, and xy is a system whose Hilbert
space is Hx ⊗Hy.
For resources in quantum theory with definite causal structure, there is no restriction
in taking tensor products. A channel M is a two-party resource that mediates information
between some party A′ and some party B′. Given any other channelN mediating information
between A′′ and B′′, the tensor product M ⊗ N associated with A = A′A′′ and B = B′B′′
is a valid channel.
Such tensor products are crucial in information theory, as one often studies tasks in the
asymptotic setting, where the same resource is used arbitrarily many times. Out of interests,
for example in quantum gravity and in particular quantum black holes, we want to study
information communication theory of processes with indefinite causal structure [9]. We need
to define products of processes and check if they are valid processes. Analogous to channel
products, for two processes W a
′b′··· and Za
′′b′′··· with the same number of parties, define their
product P ab··· = W a
′b′··· ⊗ Za
′′b′′···. It takes in channels of parties A,B, · · · and outputs
probabilities. Here A = A′A′′, B = B′B′′, · · · . The situation for two parties is illustrated in
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FIG. 1. Process product
Figure 1.
A simple example shows that process products are not always valid processes. Consider
the process
W xy =
dO
2
(ωx1 ⊗ ρx2y1∼ ⊗ ω
y2 + ωx2 ⊗ ρx1y2∼ ⊗ ω
y1), (4)
where dO is the dimension of the outputs, ω is the maximally mixed state and ρ∼ :=
(11 + σ3 ⊗ σ3)/4 is a maximally correlating state that can represent a classical identity
channel in the {|0〉 , |1〉} basis. This process can be viewed as an equal-weight classical
mixture of a channel from x to y and another one from y to x. Suppose A′ and B′ share
a process W a
′b′ of this form, and A′′ and B′′ also share a process W a
′′b′′ of the same form.
The operator W ab := W a
′b′ ⊗W a
′′b′′ for the two parties A = A′A′′ and B = B′B′′ is not
a valid process. ρ
a′
2
b′
1
∼ ⊗ ρ
a′′
1
b′′
2
∼ includes a term σ
a′
2
3 ⊗ σ
a′′
1
3 ⊗ σ
b′
1
3 ⊗ σ
b′′
2
3 , which leads to a type
a1a2b1b2 term and according to Proposition 1 renders the process W
ab invalid. Intuitively,
ρ
a′
2
b′
1
∼ ⊗ ρ
a′′
1
b′′
2
∼ creates a causal loop and violates the normalization of probability condition.
Although W a
′b′ and W a
′′b′′ cannot be composed directly, it is possible to have a global
process P ab that reduces to the two individual processes upon partial tracing. For example,
let A and B have a process of the same form of (4). This is a process on the combined
parties. The reduced processes Tra′′b′′ W
ab and Tra′b′ W
ab are exactly W a
′b′ and W a
′′b′′ .
The restriction of process products has an analogy with the “non-separability” of en-
tangled states. If ρxy is entangled, then ρxy 6= ρx ⊗ ρy. Similarly for some processes
W ab 6= W a
′b′ ⊗W a
′′b′′ . The difference is that for processes tensor products not only may not
recover the original process, but may even be invalid.
Note that the processes in the example is can be viewed as classical because one can
regard it as a classical mixture of classical resources. One can also substitute Choi states of
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quantum channels for those of classical channels to obtain an example of quantum process
that is restricted in forming products. The invalidity of arbitrary products is a feature of
quantum as well as classical theory of processes with indefinite causal structure.
In general, we have the following necessary and sufficient condition for when two multi-
partite processes cannot (and can) be composed into a valid product process.
Proposition 2. A product P = W ⊗ Z of two processes W and Z is not a valid process if
and only if there exist a nontrivial term of W and a nontrivial term of Z that obey: 1) On
any party where one term is trivial, the other is either trivial or includes the out type. 2)
On any party where one term is the in type, the other term includes the out type.
Proof. Suppose W and Z satisfy the conditions and consider the tensor product of the
two nontrivial terms. By Proposition 1, to prove that P is invalid we need to show that
P contains a nontrivial term that is not type a1 for any party A. Conditions 1) and 2)
guarantee that this is satisfied for the product term we consider.
Conversely, suppose P is not a valid process. By Proposition 1, P contains a nontrivial
term that is not type a1 for any party A. This term must arise out of a tensor product of
nontrivial terms. On any A this term of P is type trivial, a1a2 or a2. We consider each case
in turn. For any A where this term is trivial, it must come from a tensor product of terms
that are trivial on A. Write this kind of tensor product as (0, 0), where 0 denotes the trivial
type. Next, for any A where this term is type a1a2, it must come from a tensor product of
the kind (0, 12), (1, 12), (1, 2) or (2, 12), where 1 and 2 denote in and out types respectively.
Finally, for any A where this term is type a2, it must come from a tensor product of the
kind (0, 2) or (2, 2). To sum up, on any A, this term of P comes from a tensor product of
the kind (0, 0), (0, 12), (0, 2), (1, 12), (1, 2), (2, 12), or (2, 2). This implies conditions 1) and
2).
A useful special case is the condition on two-party processes. Intuitively, the fulfillment
of the two conditions in the corollary below give rise to causal loops, which violate the
normalized probability condition for processes and hence lead to invalid products.
Corollary 2.1. A product P ab =W a
′b′ ⊗Za
′′b′′ of two-party processes is not a valid process
if and only if: 1) Both W and Z have signalling terms; 2) The Hilbert-Schmidt terms of W
and Z put together contain signalling terms of both directions.
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Proof. Suppose W and Z obey the two conditions. Then we can pick a signalling term from
W of one direction and a signalling term from Z of the other direction. We show that this
pair of terms satisfy conditions 1) and 2) in Proposition 2, and hence the product is not a
valid process. Neither term is trivial on either of the two parties, so 1) of Proposition 2 is
fulfilled. 2) is also fulfilled because the terms signal to different directions.
Conversely, suppose P is not valid. By Proposition 2, there is a nontrivial term from W
and a nontrivial term from Z that obey 1) and 2) of Proposition 2. By Proposition 1, both
terms are in type on some party. By 2) of Proposition 2 they must be in type on different
parties, and they include the out type on the parties where they are not in type. In other
words, they are signalling terms to different directions. This proves conditions 1) and 2) of
the statement.
A product of more than two processes can be constructed iteratively, and the validity
of the product process must be checked at each step. If a set of processes cannot form a
valid product in one sequence of construction, changing the sequence of construction will
not make it valid. This is because the invalid term will be always be present.
IV. DISCUSSIONS
We showed that for processes we cannot take tensor products unrestrictedly. For com-
munication theory, our result implies that communication tasks defined in the asymptotic
limit is not meaningful for processes characterized by Proposition 2 when local operation is
unrestricted for the combined parties A = A′A′′ · · · , B = B′B′′ · · · , · · · .1 For these processes
at least it is more suitable to study one-shot capacities. Similarly caution needs to be taken
for asymptotic entanglement theory of processes [9].
The restriction induces some interesting questions. We studied the restriction within the
process framework. To what extent does the restriction hold for indefinite causal structure
theories in general [4, 5]? For the particular example we used to demonstrate the restriction,
there exists a global process that reduces to the two individual processes. When is this true
in general?
1 If local operations inside the combined party are assumed to be uncorrelated among the individual parties,
the product process can be viewed as valid. In this case one might as well treat the individual processes
separately without forming products. In communication theory this can correspond to repeated but
uncorrelated uses of resources.
6
ACKNOWLEDGEMENTS
J. D. thanks Lucien Hardy and Achim Kempf for useful discussions. N. S. thanks Lucien
Hardy for useful discussions. Research at Perimeter Institute is supported by the Gov-
ernment of Canada through Industry Canada and by the Province of Ontario through the
Ministry of Economic Development and Innovation.
[1] O. Oreshkov, F. Costa, and Cˇ. Brukner, Nature Communications 3, 1092 (2012).
[2] M. Arau´jo, C. Branciard, F. Costa, A. Feix, C. Giarmatzi, and Cˇ. Brukner, New Journal of
Physics 17, 102001 (2015).
[3] O. Oreshkov and C. Giarmatzi, New Journal of Physics 18, 093020 (2016).
[4] L. Hardy, arXiv:gr-qc/0509120.
[5] L. Hardy, Journal of Physics A: Mathematical and Theoretical 40, 3081 (2007).
[6] L. Hardy, in Quantum Reality, Relativistic Causality, and Closing the Epistemic Circle
(Springer, 2009), pp. 379–401.
[7] G. Chiribella, G. M. D’Ariano, P. Perinotti, and B. Valiron, Physical Review A 88, 022318
(2013).
[8] M.-D. Choi, Linear Algebra and Its Applications 10, 285 (1975).
[9] D. Jia (2017), UWSpace. http://hdl.handle.net/10012/11998.
7
